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SELF-EXCITING POTENTIAL FLUID FLOW, 

SURROUNDED BY INHOMOGENEITIES, NEAR 

A CIRCULAR GRID OF PROFILES 

E. S. Belyanovskii and V. B. Kurzin UDC 533.6.011 

When a fluid flows through the grid of a turbine machine, in many cases, self-excitation of the velocity 
field surrounded by inhomogeneities, rotating in the direction of rotation of the grid, occurs. Such phenomena 
include a rotating discontinuity, which arises in certain regimes in axial turbine machines. In radial grids of 
centrifugal fans, the rotation of the velocity field was noted and described by Zhukovskii [1]. Recently, a sim- 
ilar phenomenon was also observed while studying fluid flow through a circular grid [2]. The surrounding non- 

uniformity of the velocity field in [2] was modeled by a displacement of a vortex source from the center of the 
grid. However, the mechanism for the motion of the vortex source was not examined. 

In this paper, the indicated model of fluid flow through a planar circular grid is closed with the help of 
the equations of motion of the vortex source in the velocity field, perturbed by the profiles of the grid. In addi- 
tion, the problem of self-excitation of the surrounding nonuniformity is reduced to the problem of the instabil- 
ity of the motion of the vortex source. 

1. Experiment. The experiment was performed in a flow channel, consisting of an open tank with diame- 
ter 2 m and height 0.8 m (Fig. 1). The tank I contained a disk 2 with anaperture at the center, in which a dif- 
fuser 3 was inserted. A rod 4, on which a derive shaft 5 is mounted, rotating with the grid 6, was placed on the 
disk 2. The shaft was rotated by an electrical motor 7 via belt drive 8. 

The flow was visualized by introducing confetti into the flow. Figure 2 presents photographs which were 
made by a camera in a fixed position (Fig. 2a) and rotating synchronously with the grid (Fig. 2b). The photo- 
graphs clearly show the circular nonuniformity of the velocity field, which is manifested, for example, in the 

different angles of flow onto the profile. It is noted that this nonuniformity rotates with ~-- 50 times lower angu- 
lar velocity than the rotational velocity of the grid. 

2. Formulation of the Problem. We shall examine the two-dimensional flow of an ideal incompressible 
fluid through a circular grid, uniformly rotating with angular velocity w (Fig. 3). As is well known, the fluid 
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Fig .  1 

flow onto the c i r c u l a r  g r i d  i s  u s u a l l y  m o d e l e d  by  a v o r t e x  s o u r c e ,  s i t u a t e d  a t  the c e n t e r  of the g r i d .  We s h a l l  
a s s u m e  tha t  a r a n d o m  p e r t u r b a t i o n  d i s p l a c e s  i t  f r o m  the c e n t e r  in to  s o m e  p o s i t i o n  e 0. Then,  the v o r t e x  s o u r c e  
beg in s  to move  with the  v e l o c i t y  of  the f lu id  a t  the  po in t  e ( t ) ,  with which  i t s  p o s i t i o n  c o i n c i d e s  a t  the g iven  m o -  
ment ,  i . e . ,  

d~/dt : v(~). (2.1)  

The fo l lowing q u e s t i o n  a r i s e s :  does  t h e r e  e x i s t  a s t a b l e  l i m i t  c y c l e  of  m o t i o n  of the v o r t e x  s o u r c e  s a t i s -  
fying Eq. (2.1)? We s h a l l  so lve  th is  p r o b l e m  a s s u m i n g  tha t  the a b s o l u t e  m o t i o n  of the f lu id  ou t s i de  the v o r t e x  
s o u r c e ,  ou t s ide  the p r o f i l e s ,  and ou t s ide  the v o r t e x  wakes ,  c o n v e r g i n g  with the  p r o f i l e s ,  i s  a p o t e n t i a l  flow. 
Then,  the c o m p l e x  v e l o c i t y  of  f low of  the  f lu id  can  be  d e t e r m i n e d  f r o m  the e x p r e s s i o n  

q---  iF  0 ~(p .8~p 
~(z) ~ -  ) ~-aT--- t~ ,  

w h e r e  q and F 0 a r e  p a r a m e t e r s  d e t e r m i n i n g  the i n t e n s i t y  of  the v o r t e x  s o u r c e ,  and ~ i s  a h a r m o n i c  funct ion  

s a t i s f y i n g  the fo l lowing b o u n d a r y  cond i t i ons :  

condit ion: tha t  the  f lu id  d o e s  no t  p e n e t r a t e  t h rough  the p r o f i l e  

_ v(,) _ I [ (q -- it~ -v~~ ] (x, g) ~ L ,  (n = t, 2, . . ,  N),  (2.2)  

w h e r e  v~ n) is  the uni t  o u t e r  n o r m a l  to the con tou r  of  the n - t h  p r o f i l e  Ln; v (n) i s  the n o r m a l  c o m p o n e n t  of the  
v e l o c i t y  of  po in t s  on the con tou r  of  the n - t h  p r o f i l e ;  N i s  the n u m b e r  of  p r o f i l e s  in the  g r id ;  the  d y n a m i c  and 

k i n e m a t i c  cond i t ions  in  the v o r t e x  w a k e s  

[pl = 0, D~/Ovi] = O, (x, y) ~ . ~  (n = l ,  2 . . . . .  N) ,  

w h e r e  p i s  the f lu id  p r e s s u r e ;  v 1 i s  the o r i e n t a t i o n  of the n o r m a l  to the l i n e s  of the c o n t a c t  d i s c o n t i n u i t y  g%, 

s i m u l a t i n g  the v o r t e x  wakes ;  the  cond i t ion  a t  in f in i ty  

l im VCp = O; 
IzD-~ 

the K u t t a - Z h u k o v s k i i  cond i t ions  

Acp < oo,. (x, y) ~ c~ (n = t ,  2 . . . . .  N), 

whe re  c n is  the c o o r d i n a t e  o f  the r e a r  edge  of  the n - t h  p r o f i l e .  

3. Q u a s i s t a t i o n a r y  A p p r o x i m a t i o n  fo r  the  S i m p l e s t  Model  of a G r i d .  To d e t e r m i n e  the v e l o c i t y  f i e ld  of the 
f luid f low in the  f i r s t  a p p r o x i m a t i o n ,  we s h a l l  m o d e l  the p r o f i l e s  of  the g r i d  b y  po in t  v o r t i c e s ,  s i t u a t e d  on one 
four th  of the chord ,  and  we sha l l  s a t i s f y  the cond i t i on  of  i m p e n e t r a b i l i t y  of  the p r o f i l e  a t  po in t s  of the  p r o f i l e s  

a t  d i s t a n c e s  3 /4  of  the  c h o r d  f r o m  the t ip .  

In the q u a s i s t a t i o n a r y  a p p r o x i m a t i o n ,  the c o m p l e x  v e l o c i t y  o f  the f lu id  f low f o r  th i s  m o d e l  has  the e x p r e s -  

s ion  

N 
t Z r,~ (3.1) 

2 ~  z - - ~ . .  . __- '~ '7 -  i 

w h e r e  z n = r exp [ i (0 n + r t ) ]  a r e  the  c o o r d i n a t e s  of  the  p o s i t i o n s  of the  v o r t i c e s  on the p r o f i l e ;  On is t h e i r  
a n g u l a r  c o o r d i n a t e ;  f o r  t = 00 n + (2~r/N) (n - 1) a r e  d e t e r m i n e d  f r o m  condi t ion  (2.2) : 
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Fig .  2 

Re [v(zm)vo(zm)] = (oR sin a x (m-=  t ,  2,: . . .,: N),: (3.2) 

w h e r e  z m = R exp [ i ( ~  m + wt)]  a r e  the  c o o r d i n a t e s  of  the  c o n t r o l  po in t s  of the p r o f i l e ;  v0(Zm) = exp [ i (~  m + 
wt)] a r e  the unit  n o r m a l s  to the  p r o f i l e s  a t  t h e s e  po in t s ;  ~ m  = ( 2 n / N ) ( m -  1); a m = a I + q~m- We sha l l  r e p r e -  
s e n t  the c o o r d i n a t e  of  the p o s i t i o n  of  the  v o r t e x  s o u r c e  e in the  f o r m  

e = tee  ~*, a ~ (ot - -  ax(t  ). ( 3 . 3 )  

Then cond i t i on  (3.2) i nc lud ing  (3.1) t r a n s f o r m s  as  fo l lows :  

�9 ic~ 1 N p n  
no[  (q--iF~ - " i a l ~  - - ~ e  .Z~ - ~ t -§ 2u(oRSsin~x (3.4) 

l -  ~e ~(e~-~) [ t - ~;e -~(~+~1) n=l 

( m  = 1, 2~ . . . ,  N ;  r = r / l?) .  

The so lu t i on  of  the s y s t e m  (3.4) can  be  found in e x p l i c i t  f o r m ,  if the v a l u e s  o f  the  i n t e n s i t i e s  of  the c i r c u l a -  
t ions  Fn  sough t  a r e  r e p r e s e n t e d  a s  t r i g o n o m e t r i c  p o l y n o m i a l s :  

N--1 
F~ = ~0 "~ ~ (a~ cos k0~ -~ b~ sin k{}n), (3.5)  

w h e r e  7o i s  the s t a t i o n a r y  c i r c u l a t i o n ,  which i s  i d e n t i c a l  fo r  a l l  p r o f i l e s ;  a k ( t ) ,  bk( t )  a r e  funct ions  of  t ime  d e -  
t e r m i n i n g  the n o n s t a t i o n a r y  c o m p o n e n t  of  the c i r c u l a t i o n s  a r i s i n g  a r o u n d  the  p r o f i l e s  due to d i s p l a c e m e n t  of 
the  v o r t e x  s o u r c e .  

In r e a l i t y ,  expand ing  the f r a c t i o n s  e n t e r i n g  into e x p r e s s i o n  (3 .4 ) ,  in the c o n v e r g i n g  s e r i e s  and s u m m i n g  
t h e s e  s e r i e s ,  we ob t a in  f r o m  (3.4) u s ing  (3.5) 

�9 iO~ I N--I ] . -- -- " - " 

ne~[_ ( ; ; e - i f l )N  L , . Z  (;r)hi~--ih(l+~Pm) '/VeZUl L:~O+ k=i F'N--k2( - ~ N ' l ) ' ( " k - - -  

~=z. (3.6)  

-~ 2', r e (ak-~- ib~)  = 2 ~ ) R 2 s i n a a  ( m = t ,  2 . . . .  ,N). 
h=l 

A f t e r  a p p r o p r i a t e  t r a n s f o r m a t i o n s  we have f r o m  (3.6) the s y s t e m  of  equa t ions  

N--I 
~] (B~ cos kcp~ -~ C~ sin k~m) 2~(~/~ ~ sin ~ (m ~ t~ 2, . . . ,  N)~ (3.7) 

h~0 

f r o m  which  i t  fo l lows  tha t  

B0 =-- 2~(OR 2 sin a i ,  Bk = Ck = 0 (k :/:  0). 

F r o m  r e l a t i o n s  (3 .8) ,  the v a l u e s  of  Y0 and the func t ions  a k ( t ) ,  b k ( t )  a r e  d e t e r m i n e d  e x p l i c i t l y .  

To s i m p l i f y  the  c a l c u l a t i o n s ,  we s h a l l  e x a m i n e  the l i m i t i n g  c a s e  N ~ ~ .  Then,  we ob t a in  f r o m  (3.8) 

(3.8) 
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70 -= ( t /N) (2Jro )R  2 - -  Fo - -  q etg al)  ~ ah = - - ( 2 e k / N ) ( q  sin k(r i -~ 

q- Fo cos k~1), bk = - - ( 2 e h / N ) ( q  cos k~l - -  Fo sin k~l). (3.9) 

Subs t i tu t ing  e x p r e s s i o n s  (3.9) into Eq. (3 .5) ,  we f ind 
�9 / V - - 1  

' 2 ~h 
Fn = 70 -- -~ Z [q sin k ((h + On) + Fo cos k ((h -~- On)]. (3.10) 

Thus ,  the c o m p l e x  v e l o c i t y  of the f lu id  flow can  be d e t e r m i n e d  f r o m  Eq. (3.1) t ak ing  into accoun t  (3.10) a s  a 
funct ion of  the p o s i t i o n  of  the v o r t e x  s o u r c e .  In p a r t i c u l a r ,  a t  the po in t  i t s e l f  i t  wi l l  equal  

Fn e_itot N N-1 . 
Y(8) = ~  Z e - - ' z  n _ 2 g i r  Z _ :_" i . " l ~ ~  . ( 3 . 1 1 )  

n=l n=l 89 lffl - -  O~tO~' h=l, 

Expanding  the f r a c t i o n  e n t e r i n g  into e x p r e s s i o n  (3 .11) ,  in a c o n v e r g i n g  s e r i e s  and s u m m i n g  it,  we find 

( 8 ) =  - -  exp [ - -~ (o t - - (~ l ) ]  (q.~_ ii~0) i %92" 
gr 

Subs t i tu t ing  the va lue  of the v e l o c i t y ,  c o m p l e x  con juga te  to ~ ( e ) ,  in the equa t ion  of m o t i o n  of the  v o r t e x  s o u r c e  
(2.1) and s e p a r a t i n g  i t s  r e a l  and i m a g i n a r y  p a r t s ,  u s ing  (3 .3) ,  we ob ta in  

d-s/dt = --q~/(gr"(l - -  ~2)); (3.12) 

o~ o = da /d t  ---" F0/(nr~(t "%~)),  (3.13) 

w h e r e  w 0 is the r a t e  of change  of  the a n g u l a r  c o o r d i n a t e  of  the v o r t e x  s o u r c e .  It fo l lows f r o m  Eq. (3.12) tha t  
the so lu t ion  of the p r o b l e m  s t a t e d  in the q u a s i s t a t i o n a r y  a p p r o x i m a t i o n  fo r  -~ < 1 does  not  have  a l i m i t  cyc l e .  

4. Taking  into Account  the Ef fec t  of Vor t ex  Wakes .  As  wil l  be ev iden t  f r o m  what  fo l lows ,  s i m i l a r l y  to 
the s y s t e m  (3.12) and (3.13) in the l i m i t i n g  c a s e  e x a m i n e d  N -~ 0% the c o r r e s p o n d i n g  s y s t e m  of o r d i n a r y  d i f -  
f e r e n t i a l  equa t ions  i s  a l so  au tonomous  when the in f luence  of v o r t e x  wakes  i s  inc luded .  I t  fo l lows  f r o m  h e r e  
tha t  the l i m i t  c y c l e ,  i f  i t  e x i s t s ,  wi l l  r e p r e s e n t  a c i r c l e  with c e n t e r  a t  the o r i g i n  of c o o r d i n a t e s  ('~ = c o n s t ) .  In 
th is  c a s e ,  the v o r t e x  s o u r c e  wi l l  move  a long the t r a j e c t o r y  with c o n s t a n t  a n g u l a r  v e l o c i t y  w 0, i . e . ,  in e x p r e s -  
s i on  (3.3) the quan t i ty  (r = coot. It a l s o  fo l lows  f r o m  (3.3) tha t  

(~t(t) ~ c01t,where r ~ co - -  0) 0 = CoI~st. (4. ~ ) 

In a c c o r d a n c e  with e x p r e s s i o n  (3.6) and us ing  (4 .1) ,  the n o n s t a t i o n a r y  componen t  of the c o m p l e x  v e l o c i t y  
of  f luid flow, induced  by  the v o r t e x  s o u r c e  a t  the c o n t r o l  po in t s  of  the p r o f i l e s ,  can  be r e p r e s e n t e d  as  a s u m  of  
h a r m o n i c s  

2/--1 
- q -  i F  0 
v ( z ,O  = ~  Z ( gre-~ '0~ 'exp ( -  ilco)~t) (,'n = t ,  2, . . . , N ) .  (4.2) 

Due to the l i n e a r i t y  of the  p r o b l e m ,  we sha l l  r e p r e s e n t  the n o n s t a t i o n a r y  c o m p o n e n t s  of  c i r c u l a t i o n s  a t  
the p r o f i l e s  of the g r i d  a s  a s u m  of the s a m e  h a r m o n i c s  a n a l o g o u s l y  to (3 .10) :  

N--1 

F ~ - -  2/2 Z 6'~h {q sin ik (r -]- 0n) -{- [3k] + Fo cos [k (c%t + On) -~ ~h]}, (4.3) 

w h e r e  6k, fik a r e  the a m p l i t u d e  c o e f f i c i e n t  and sh i f t  in p h a s e  of the k - t h  h a r m o n i c ,  a r i s i n g  due to the  e f fec t  of 

the v o r t e x  wakes .  

To determine the values of 5 k and ilk, it is necessary to find the position of the lines of the contact dis- 
continuity ~, simulating the vortex wakes, and the intensity of the vortices in these wakes at any moment in 

time. For this purpose, we shall give the position of some free elementary vortex, converging with the n-th 

profile, in the form 

w h e r e  7- is  the p a r a m e t e r  d e t e r m i n i n g  the t i m e  i n t e r v a l  f r o m  the m o m e n t  tha t  th is  v o r t e x  s e p a r a t e s  f r o m  the 
p r o f i l e .  A s s u m i n g  tha t  the v o r t i c e s  connec t ed  to the  h - t h  p r o f i l e  a r e  c o n c e n t r a t e d  a t  the  po in t  z n = r exp 
[ i ( 0  n + ~ot )],  the a n g u l a r  c o o r d i n a t e  of the f r e e  v o r t e x  can  be  d e t e r m i n e d  f r o m  the equa t ion  

~ (T)  = 0~ ~ cot - -  (o~ -}-~p~ (4.4) 

w h e r e  ~ is  the ang le  of i n c l i n a t i o n  of  the v o r t e x  due to i t s  a b s o l u t e  mo t ion  in the c i r c u l a r  d i r e c t i o n .  
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Using the expressions for the projections of the absolute velocity of the motion of a vortex on the radial 

and circular direction 

up = dp/d~ = q/(2np), % = pa~/0~ = (F0 -f N70)/(2np)~ 

and taking into account the initial conditions ~ = r, "~ = 0 at T = 0, we find 

q~/~ = r2@ - t) ,  ~ ~0 in ~ (4.5) 

where 

= p/r; Fo = (ro + Nyo) /q .  

With the help of (4.5), expression (4.4) transforms into the form 

~ = 0~ + ~ot -Yp(~),~ (4.6) 

w h e r e  ~ = (c/2)(-p 2 - -  t) - - s  ln-p; c = (2nr2c0)lq. 

The dependence (4.6) represents the equation of the line of the vortex wake ~n, converging on the n-th 

profile, for the given time t. 

The vortex intensity per unit length in the wake, owing to the change in circulation around the n-th pro- 

file with respect to the k-th harmonic, can be determined from equation [3] 

v~ ) (~, t) ' ar~) I v(s) at t = q  (t 1 = t - - z ) ,  (4.7) 

where v(s) is the relative velocity of vortices in a system of coordinates fixed rigidly to the grid; s is the 

are length along the vortex line. 

We shall now examine the expression for the intensity of an elementary free vortex with an arc-length 
coordinate s: 

~ )  (s) = "~) (s) ds. 

Since ds  = v ( s ) d %  tak ing  into accoun t  the fac t  that  s and m a r e  funct ions  of the p a r a m e t e r  p,  we obta in  with 
the help  of  (4.5) and (4.7) 

e~)(p) = 2~p ar~) I,=,~ p = ~ )  
q ~t (p) dp. 

We f ind the e x p r e s s i o n  f o r  ~ (n k) with the  he lp  of (4.3) 

--~ qN P {q COS [k (c0~t -]- On)+ ~h] ~ F0 sin [k (aht -4- On) -]- ~]}. 

Thus ,  a s  a r e s u l t  of  the  t r a n s f o r m a t i o n s  p e r f o r m e d ,  the p o s i t i o n  of  the  v o r t e x  wakes  and t h e i r  i n t e n s i t y  
p e r  uni t  l eng th  a r e  d e t e r m i n e d  as  func t ions  of the p a r a m e t e r s  p and t. This  p e r m i t s  d e t e r m i n i n g  qu i te  s i m p l y  
the n o n s t a t i o n a r y  c o m p o n e n t  of the c o m p l e x  f lu id  flow v e l o c i t y  tak ing  into a c c o u n t  the  v o r t e x  wakes .  F o r  the 
k - t h  h a r m o n i c s  of the c o n n e c t e d  and f r e e  v o r t i c e s  of a l l  p r o f i l e s  in  the  g r i d ,  i t  wi l l  equal  

I t  can  be shown tha t  fo r  N - -  ~ the c o m p l e x  v e l o c i t y  v(k)  (z) wi l l  a p p r o a c h  i t s  l i m i t i n g  va lue ,  which 
equa l s  the v e l o c i t y  i nduced  by  the c o n n e c t e d  and f r e e  v o r t i c e s ,  c o n t i n u o u s l y  d i s t r i b u t e d  a long  the c i r c l e ,  i . e . ,  

l im ?(h) (z) = v  (~) (z) = N ~(k) (0) _~_ ~ (0, p) d o _ d0. 
N~oo ~ z -- re i(O+c~ z -- pe T M  J " 

Here ,  ~ ( k ) ( o  ) and ~ (k) (p ,  0 ) a r e  con t inuous  func t ions ,  co inc id ing  a t  0 = O n with the v a l u e s  

N ~ (h) 
2 ~  7 (0=). 

(4.8) 

2/ r(~) m ~ and 
2~r x n .  % u n l  

Calculating the contour integrals in expressions (4.8) using the theory of residues, we find the values of 
~(k) at the control points of the profiles: 
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where 

~(~) ( ~ )  = _ / ~ x p  [ -  ~k (o~t + ,~,.) - -  @,,1 (i - -  }~g,A~ ')) 
2n~r 

�9 , ,  ( h ) ~  + kc~x (q + Wo) R~'~ exp Ilk. (o~t -~- (Pro) -{- ~:] A2 j, 

(4.9) 

We in t roduce  the notat ion 

1. 

r0 
R 

( % ~ 4) ; o = ~ ,  ,o,=--E, 7~= 

(4.10) 

q -  ir~ = ~-'~, Ai~-) = g(,U)e~n? ), A~ h) g~)eln~ k). (4.11) 

F r o m  the impene t rab i l i ty  condi t ion (3.2),  we obtain us ing (4.2) and (4.9) 

{ g, cos Tl _}_ goy2h cos (2cr ~_ ~}2)}(h) (4.12) 
tg ~a = C'~, "t -- c~,g, sin n 1 :~ c~,g2.Fl~h sin (2a t -]- :12 ) 

2 ff~ 
8k = Co~ ~ + ~,[g, ~ (~ + n,) + g ~  ~ .  (z% + n~ + ~)]~ " 

Analogously to (4.9) we find the value of v(k) at the point e: 

~(~) (0 = - -  ~ c V I  -k tg'- ~6~b~ ~ - '  exp [i (~h + V~ + ~ - -  %t)], (4.13) 

�9 i I where b~e w" =: 1 - -  [o[l)lA~}; A(~ ~) = ~ exp {,k ~ (p" - -  i) - -  r 0 in~  dp. 

E x p r e s s i o n  (4.13) toge the r  with (4 .10)- (4 .12)  d e t e r m i n e s  the eomplex  ve loc i ty  induced by connec ted  and 
f ree  vo r t i c e s ,  at  the loca t ion  of  the vor tex  s o u r c e  as  a funct ion of coo rd ina t e s  of  this loca t ion  and t ime.  

Summing all harmonics of this velocity and satisfying Eq. (2. I), using (3.3) and (4. !) we find the rela- 
tions that must be satisfied by the parameters of the limit cycle ~, co 0 taking into account the influence of the 
vortex wakes: 

N--1 
5kbke 2(h-1) cos (~j~ + ?h + ~) = 0,: 

N--1 
OkOhe sin (l~k -}- ?it -t- ~). 

h=l 

5. L imi t  Cycle.  We shal l  show that  within the f r a m e w o r k  of  the model  examined  in Sec. 4, the l imi t  c y -  
cle of  the mot ion  of  the vor tex  s o u r c e  exis t s ,  a t  leas t ,  fo r  sma l l  va lues  of  its p a r a m e t e r s  

7o0 << 1,-~ << t. (5.1) 

A s s u m i n g  that 6 k ~ 1 and b k N 1 fo r  k > 1, in the f i r s t  equat ion we need only c o n s i d e r  the two t e r m s  in the 
sum,  and in the second  only th ree  t e r m s .  Then, we shal l  have 

~ 6,b I cos ;Q 
"~ - -  6~b. z cos X2 (~h = ~,~ -{-Vk 4 ~); (5.2) 

-- c [ sin (Z, -- %.) ] 
, , ,o . -~ V - ~  ~b~ = ~ - + ;%b~,~z~ .  i (5.3) 

Here  5k, ilk, bk, and Tk a r e  functions of  the quant i ty  ~ 0 sought  and the s t a r t i n g  p a r a m e t e r s  c, F 0, ~1, and 
~, R .  They  a r e  d e t e r m i n e d  with the help of  the in t eg ra l s  A(. k) (4.10) and (4.13) .  We shal l  examine  these  inte-  
g r a l s .  J 

Let  R -- 1 << l. Then fo r  A~ k) we have the e s t ima te  

A(~,) <<i ( k = t ,  2,3). (5.4) 
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Fig. 3 

The i m p r o p e r  i n t eg ra l s  AJ k) (j = 2, 3) a r e  ca lcu la ted  with the help of  t ab les  [4] and have the f o r m  

~ e x p  ~ ~,~ ~?) , ,~ ln(~7 '~ r ( ~ ,  :-<">~ (1~ = l, 2, 3), (5 .5 )  

where  F ( v ,  X) is a g a m m a  function; 

vh = i -- k(i - t -  ~0)12; p~ = R2; Pa = !; 

~.~:) = kC~o/2;  X~:o = ]~c/2. 

Here ,  the e x p r e s s i o n s  fo r  A2 (k) can be r e p r e s e n t e d  a p p r o x i m a t e l y  as  funct ion of the p a r a m e t e r  ~0: 

where  fk a r e  complex  funct ions of  the p a r a m e t e r s  c and ~0. The values  of  At k) ,  as  a l so  the va]ues  of  fk, do 
not depend on w0. 

Using (5.4),  we obtain f r o m  (4.12) 

2 (5.7) 
f~,~ = -~ - 2 ~  - ~-17 ') - • 6,~. - ~o~ ~ + ~<'7" oo~ ~<;<~ 

( where  • arcsin ~ ~a~ ) ). In the case  c ~ 1, it follows f r o m  (5 .5) - (5 .7)  that  

If now (5.8) is subs t i tu ted  into (5.2) and (5.3),  then we obtain  

~ 2  = _ _  h~ . cos ;(~ ' 

[ (OOS~, '~21 SiI1 (~1-- ~(2) 
l / ~  ~ - ~ t , ~ ) j = h ~  ~ o s ~  ' (5.  l o )  

where h n are some functions of the parameters c and ~0. Further, keeping in mind the fact that Yk does not 

depend on w0, we find with the help of (5.2) and (5.6)-(5.8) 

Xi --  X~ = Xo § • --  (Fo/2) In~o~ (5.11) 

where  X0 is some  bounded function of the p a r a m e t e r  c and F 0. 

It follows f r o m  (5.13) that the solut ion of the s y s t e m  (5.9) and (5.10) ex i s t s  in a wide range  of values  of  
s t a r t ing  p a r a m e t e r s  e, F 0, c~ l, and ~, with the exception,  pos s ib ly  of some  d i s c r e t e  se t  of  values .  However ,  
the range  of  va lues  of  these  p a r a m e t e r s  is  l imi ted  by the condi t ion of  s tab i l i ty  of  the l imi t  cyc le ,  which fol lows 
f r o m  (4.13) taking into account  (5.1) and has the f o r m  cos X1 < 0. 
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